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Abstract 



We study exact string backgrounds (WZW models) generated by nonsemisimple algebras which 
are obtained as double extensions of generic D-dimensional semisimple algebras. We prove that 
a suitable change of coordinates always exists which reduces these backgrounds to be the product 
of the nontrivial background associated to the original algebra and two dimensional Minkowski. 
However, under suitable contraction, the algebra reduces to a Nappi-Witten algebra and the 
corresponding spacetime geometry, no more factorized, can be interpreted as the Penrose limit 
of the original background. For both configurations we construct D-brane solutions and prove 
that all the branes survive the Penrose limit. Therefore, the limit procedure can be used to 
extract informations about Nappi-Witten plane wave backgrounds in arbitrary dimensions. 
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1 Introduction 



One of the main topics in string theory is the construction of exact backgrounds, that is 
two dimensional cr-models which are conformally invariant at the quantum level and at 
all orders in the a' expansion. 

A distinguished class of exact backgrounds is given by the WZW models on group man- 
ifolds where the vanishing of the (3 functions at all orders is ensured by the affine Sug- 
awara construction flj. For a WZW model associated to a given algebra, the Sugawara 
construction exists if and only if the algebra possesses an ad-invariant, symmetric and 
non-degenerate metric. In the case of a semisimple algebra this is the Killing metric and 
all the renormalization effects give simply a correction to the metric. Generalizations to 
nonsemisimple cases have been extensively studied. In |2] a WZW model based on the cen- 
tral extension of the 2d Poincare algebra was constructed (NW model). This construction 
was then extended to more general nonsemisimple cases 0-0, while the corresponding 
generalized Sugawara quantization was completely analyzed in jTOj for the whole class of 
nonsemisimple algebras which admit an invariant metric, i.e. algebras obtained as double 
extensions of abelian or semisimple algebras [T2*] . 

A second class of string backgrounds can be obtained by means of the Penrose limit 
( [H3 j [El ) • The two classes partially overlap since generalized NW models can be obtained 
as Penrose limits of suitable geometries [To] . 

In the present paper we investigate the spacetime geometries which arise from WZW 
models associated to the abelian double extension of a generic semisimple .D-dimensional 
Lie algebra. We first give a general proof that the extended algebra can be always reduced 
to the direct sum of the original algebra and a bidimensional abelian algebra l . The 
corresponding spacetime geometry is then in some sense trivial since it reduces to the 
product of the original spacetime with two dimensional Minkowski. However, what makes 
these constructions interesting is that by taking a suitable Inomi-Wigner contraction ^1] 
of the extended algebra, the new algebra which emerges is a Nappi-Witten like algebra. 
Therefore, the geometry described by the corresponding sigma model is no more trivial, 
being a (D + 2)-dimensional Nappi-Witten background. We show that it is the Penrose 
limit of the original model associated to the nonsemisimple algebra. 
An interesting question which emerges is whether in the process of contracting the algebra 
(or equivalently of taking the Penrose limit on the corresponding sigma model) information 
is lost. To answer this question we study brane configurations in both cases and prove 
that all brane solutions we find in the contracted model correspond to the Penrose limit 
of brane solutions of the double extended original model. Therefore, all the information 
goes safely through the limit. 

The plan of the paper is the following. In Section 2 we recall some basic facts about one 
dimensional double extensions and give the general proof of the fact that double extensions 
of semisimple Lie algebras are somehow trivial. Our proof can be easily generalized to the 
case considered in ^UJ • Next we show how to perform a suitable Inonii- Wigner contraction 
of the double extended algebra to obtain a nontrivial generalized NW algebra. In Section 

lr This fact was shown in a more abstract way in for the general case of nonreductive algebras. 
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3 we construct the corresponding WZW model and show that the contraction actually 
corresponds to a Penrose limit on the corresponding string background. We implement 
the affine Sugawara construction and compute the central charge of the model. In Section 

4 we construct brane configurations for both models, the one associated to the double 
extended algebra and the one corresponding to the contracted algebra. In particular, we 
prove that the contraction can be used to extract all possible informations about the limit 
background. Many technical details are collected in two Appendices. 

2 The double extended algebra and its contraction 

We consider a D-dimensional Lie algebra A with generators T{ , i — 1, . . . , D satisfying 

[n,T 3 ] = f%T k . (2.1) 

Its one dimensional double extension is obtained by adding the new generators H and H* 
such that 

[n,T j } = f%T k + f ij H* 

II -r, I/r, (2.2) 

while H* is an element of the center. Here are antisymmetric matrices constrained by 
the Jacobi identities 

fij k fki + fjffki + fu k fkj = . (2.3) 
Defining the new generators r. := H, t* := H* the previous algebra can be written as 

[nM = f K i/rK (2.4) 

where I, J,K = 1, . . . , D, -, *. The indices are highered and lowered by the bi-invariant 
metric 

/ aKij \ 
Qu = \ 6 1 (2.5) 
V o 1 0/ 

Kij being an invertible ac?-invariant metric for A. If A is semisimple one can take Kij = hij 
where is the Killing metric of the semisimple algebra. We note that the constant b in 
the metric is totally arbitrary and, at the classical level, it could be consistently set to 
zero. 

The condition ()2.3j) has a nice interpretation. On the external algebra A* over A one can 
define the external derivative 

5 : A* — > A* (2.6) 
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as the operator which maps the p-form A into the p + 1-form 5X given by 

p+i 

5X(vi, . . . , v p+1 ) = (- 1 Y +q K v i: ■■■,v q ,...,v r ,..., V p+ i, [v q , v r \) (2.7) 

q<r=l 

where V{ are vectors of A and the hat means exclusion. The coefficients fj define a M- 
valued two form T := \ fij[i l A where {//} is the basis of A* dual to {Tj}. Therefore 
eq. ()2.3|) can be rewritten as 

bT = . (2.8) 

We concentrate on the case of A being a semisimple Lie algebra: From the Whithead's 
second lemma, the second cohomology class is trivial, H 2 (A) = 0, and we can write 

T = 5X (2.9) 

for a given 1-form A. In components this condition reads 

fa = fij k X k . (2.10) 

Therefore, in the case of A semisimple the constant matrices fj entering the one- 
dimensional double extension are constrained to have the form ()2.10|) . We will say that 
the double extension of a semisimple Lie algebra is polarized by the vector A^. 
Since are the coefficients of an exact two form there must exist a basis of the alge- 
bra which eliminates fj in (J2.2|) . This basis can be easily found: If we introduce the 
combinations 

T, := n + XiH* , Z := H - X 2 H* - AV< , Z* := H* , (2.11) 

where A 2 = X l aKijX^, the commutation rules reduce to 

[T ll T,} = f%T k (2.12) 

with Z and Z* both in the center. Under this redefinition the invariant metric transforms 
as Qb — ► &b w ith b = b — A 2 . We will call (j2.11j) the trivializing basis. 
We have proven that the one dimensional double extension D(A) of a semisimple Lie 
algebra always reduces to the direct sum of the original algebra and a bidimensional 
abelian algebra 

D(A) = A®R 2 . (2.13) 

The two sectors (A and M 2 ) are in fact orthogonal because of the particular structure of 
the invariant metric. As a consequence, the manifold realized via WZW construction will 
be the direct product of the semisimple group associated to A and the two dimensional 
flat minkowskian spacetime 

e D ^ = e A ® R 1 - 1 . (2.14) 
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It is however interesting to consider the WZW construction corresponding to an algebra 
obtained as Inonii-Wigner contraction of (|2.2|) . To this purpose we start from an ansatz 
for the metric slightly different from (|2.5J) in order to end up with a well-defined, invariant 
metric after the contraction. We consider the three-parameter family of invariant forms 
(for given a and b constant) 




fi(£,M= I <rb P \ (2-15) 

and define the rescaled generators 

Pi := ar { , T := a 2 H* , S := £H . (2.16) 
They generate the one-parameter family of algebras A a given by 

[P i ,P J }=af%P k + f lJ T 

[S,Pi] J.'l'i (2-17) 
In particular the r.h.s. of the commutators do not depend on £. 

Before the contraction, the products between the elements of the basis give the nonvan- 
ishing results 

(P u Pj) = aia 2 K tJ , (S, S) = a^ 2 b , (S, T) = p£a 2 . (2.18) 



If we then choose 



£ = ^ , a = a 4 , p=l (2.19) 



a 2 

we find that with respect to the new basis the product is well defined for a going to zero 
and, independently of the parameters, we have 

(Pi, Pj) = aK l3 , (S,S) = b, (S, T) = 1 . (2.20) 

Therefore, taking the contraction a — > we obtain the algebra 

[Pi j Pj] = fijT 

[S,P l ] = - a Ki k f ik P 3 =fiP j (2.21) 

with T central and invariant metric (J2.5|) . This is a Nappi-Witten algebra, therefore no 
more trivializable. 

We note that the change of basis (J2.ll)) which trivializes the algebra D(A) becomes 
singular in this limit according to the fact that the Nappi-Witten algebra is nonseparable. 
As we will see in Section 3, the relation between the trivial algebra (|2.12|) and the NW 
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algebra ()2.21|) through the contraction corresponds to the fact that the Penrose limit of 
Cartesian product spaces may generate nontrivial spacetimes. 

Before closing this Section we mention the fact that a slightly different contraction can 
be performed by starting with rescaled generators 

P[ := aTi , T := a 2 H* , S' := £(H - ^H*) . (2.22) 

In the limit a^Owe still obtain the algebra (|2.21|) but with metric ()2.5|) corresponding 
to b = 0. 



3 The WZW model for the double extended algebra 

We now construct the WZW model associated to the algebra ([2.2)1 . We parametrize the 
group elements as 

9 = 9Ae uH+vH \ 9A = e e ^ (3.1) 

being an element of the group e A . Using the general identity 

e - e d a e e = [ e- x8 d a 9e xe dx (3.2) 



we can compute the left current J := g x dg and find 

J = f exp (uF)^ + (dO^* + dv)H* + duH (3.3) 

where F is the matrix F i k := —f.{. The current f is the current of the unextended 
algebra f :— d9 k j k \ with 

00 1 

3k := ^ ] / T Y)^ 1 ' ' ' ^ T ^ji 1 f k ^2 2 ■ ■ ■ fk n - 2 jn-i n 1 fk n -!j n , (3-4) 
n=0 

whereas j* is given by 

OO -y 

3i := / i ' ' ' ^ JW ^ J1 ^i-? 2 2 • • • ^ fc n-2jn-l " 1 fk n -lj n ■ (3-5) 

n=l ^ 

This current takes a relatively simple expression in the abelian case 

fi = -/>'.(,, (3-6) 
and in the polarized case where it reduces to 

./J (./,' "'V)A, • (3.7) 
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The WZW action on group manifold is given by 

S = ^J^d 2 an u Jir J + -L.J^an KL fjfe a ^JiJp^ (3.8) 

where Qij is the metric (J2.5j) for the double extended algebra. Using the fact that F ■ K 
is antisymmetric as a consequence of the invariance of K, we find 

£luJlJ aJ = nK.jj'S' + bd a ud a u + 2d a u(d a M l j* + d a v) (3.9) 

which gives a sigma model with metric 

C — h 
^uu " i 

Gr U v 1 ) 

Gm = 3* , (3.10) 

where = Kimj^j- 171 is the metric associated to the unextended algebra. In the same 
way, using the Jacobi identities, we find for the nonvanishing components of the simplectic 
structure 

B,, = B\f + y imk l j- (3.11) 
where locally dB^ = with 

BW = l -B\ff A f , HW = \Hl$? A f A f . (3.12) 

The quantization of the model can be performed nonperturbatively by means of the 
Sugawara construction jH], [0], [TH] . Given the level-/c current algebra 

3i(z)jj(w) = -j—^ + flJ — + reg. (3.13) 

the energy-momentum tensor takes the form 

T = L IJ : 3l3 j : (3.14) 
where L IJ is the inverse of the matrix 

Ljj = {-iktt + h)jj (3.15) 
and hjj is the Killing form of the double extended algebra 

hu = -f IK L f JL K ■ (3.16) 
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In the polarized case, given the position ()2.10|) it takes the form 



hij X^hkt 

\ l h tj \ k h kl \ l | (3.17) 




where is the Killing form of the algebra A. We note that, even if we were to start 
with a classical invariant metric ()2.5|) with b = 0, a nontrivial b would get produced by 
the quantization procedure. 

Using the Sugawara construction we can compute the central charge as c = —4kL IJ Qu. 
In our case we find 

c = D + ^Tr — (3.18) 



n=l 



where D is the dimension of the double extended algebra, D = 2 + dim{A}. Given the 
particular structures of flu and hu the central charge turns out to be independent of the 
parameter b. In particular for the abelian case we have c = D, whereas for A a semisimple 
Lie algebra (K^ = h^) 

c = D+ D ~ 2 ^ =c{A) + 2 . (3.19) 
Aak - 1 

We now search for the coordinate transformation corresponding to the change of basis 
()2.11|) . In the new basis the generic element of the group (|3.1|) takes the form 

g _ ^TigUXiTj e uZ+(v-\ k 6 k )Z* _ e &(9i ,u)T ie uZ+(v-X k k )Z* (3.20) 

where, using the Baker-Campbell-Hausdorff formula 
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V(P,u) = F + u\ l + -PA*/ 1 * + T-J'^fuf^ + vPXXfjHU + ■■■ ■ ( 3 - 21 



2 ' 3K 12 Kl ° m 12 

In terms of the new coordinates 



u — u 

v = v- X k 6 k (3.22) 



the sigma model can be easily found by following the previous calculations where we set 
A = 0. In particular, the metric turns out to be a diagonal block matrix (in this case 
j* = 0, see eqs. (|3.7l 13.10)0 and our solution completely factorizes as 

e A (¥) ® R 1 ' 1 ^, v) . (3.23) 

Therefore, the spacetime geometries described by WZW models associated to double 
extended algebras are somehow trivial extensions of the spacetimes associated to the 
original semisimple algebra. However, as already mentioned, nontrivial backgrounds can 
arise by means of suitable Penrose limits. This will be the subject of the next Section. 
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4 The WZW model for the contracted algebra: The 
Penrose Limit 



It is well-known ^3] [ISj JEj that the four NW4 and six dimensional NWg plane wave 
backgrounds arise as Penrose limits of AdS 2 x S 2 and AdS 3 x S3, respectively. In particular, 
for the second case, in it has been shown that at the level of the algebras this limit 
can be interpreted as a group contraction, as a consequence of the existence of a null 
one-parameter subgroup corresponding to a null geodesic of the invariant metric. 
We generalize this result to the whole class of models associated to double extended 
algebras. Starting from the original algebra (|2.2jl endowed with the metric ()2.5|) we define 
the inner product of two generators as (77, 77) = Qjj. Correspondingly, we see that there 
exist null one-dimensional subgroups generated by K = (H — -if*) and H*. Therefore, in 
analogy with the AdS 3 x S 3 case, we might expect the contracted group to correspond to a 
WZW model which describes the Penrose limit of the original spacetime. In Section 1 we 
have discussed the Inonii-Wigner contraction of our original algebra. Starting from the 
rescaled generators ()2.22|) and taking the a — > limit amounts to perform the contraction 
along the null vector K. On the other hand, the rescaled generators (j2.16|) correspond to 
a contraction along a vector which is a linear combination of K and H* 2 . The two cases 
differ by the value of the parameter b appearing in the metric (|2.5j) which in the first case 
is zero, whereas in the second case is arbitrary. 

In any case, the contraction of the original double extended algebra gives rise to a NW-like 
algebra which is known to correspond to a NWd+2 background. Being this background 
a plane wave it can be reasonably expected to be the Penrose limit of a nontrivial back- 
ground. 

We now elaborate on that. To prove that the contracted algebra actually corresponds to 
the WZW model in the Penrose limit, we need prove that the model constructed directly 
from the algebra (j2.21|) coincides with the Penrose limit of the model (|3.8l 13.101 13.11j) . 
The WZW model associated to the contracted algebra (j2.21|) is known [S], since the algebra 
is the (D + 2) dimensional generalization of the NW algebra. It has the general structure 
(J3.8j) where the invariant metric is of the form (J2.5j) . By parametrizing the generic group 
element as 

g = e&^ie-s+vT 

the corresponding sigma model describes a spacetime with metric 

G,j = I G„, h 1 I . ( 1.2) 




We now consider the Penrose limit of the sigma model constructed in Section 2 for the 
original nonsemisimple algebra. 



2 Since the two null vectors are not orthogonal the linear combination K + |i7* which defines the 
direction of our contraction is not strickly a null vector. 



8 



Given the group element (j3.1j) we perform the rescaling ()2.16|) of the generators 

—Pi a 2 uS+-^T (A o\ 

g = e a l e (4.3) 

and define the new coordinates 

0* = - , U = a 2 u , V = ^ . (4.4) 

a cr 

Performing this change of coordinates in the original current J = g~ x dg we find 

J = -j i (a&)e^ UF ^P k + ( J-j*(a6) + dV] T + dUS (4.5) 
a \cr / 

where 

-f(aQ) = d& + %e k f jk dei + o(a) (4.6) 
a 2 J 

and 

\f(ae) = h j e k f ik de i + (i). (4.7) 

01 Zi 

These quantities have a well-defined limit a — > 0. Therefore, taking this limit and 

computing the background metric according to the general prescription QjjJ^J aJ = 
G IJ d a X I d a X J } X 1 = (6\ U, V), we find 

G tj = aKij , (4.8) 
Guv = b, (4.9) 
Guv = 1, (4.10) 

= ^©VV (4.ii) 

This metric is of the form (|4.2j) so proving that the sigma model associated to the con- 
tracted algebra is the Penrose limit of the original sigma model. 

To find the two form B let us recall that it comes out from the bulk term S[B] ~ J H — 
j dB. Now using the family of metrics with the chosen parameters, one has 

H = \fimJ 1 AJ J AJ K = ^f ijk f A f A / + -J,,..,' A f A du 

= -aaK kl f l / 3 -A 3 -A 3 - + -X k f lJ k3 -A 3 -AdU (4.12) 
o a a a 2 a a 

and taking the limit 

Ba = ~A fc /* y . (4.13) 
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The equivalence between the contraction of the algebra and the Penrose limit of the 
corresponding background can be investigated also at the quantum level by studying how 
the Sugawara construction works under the limit a. — > 0. To this end we consider the 
family of models parametrized by a and compute the corresponding central charge (see 
eq. (JSIl) 

a 2 (D-2) 

In the limit a — > we find c a — > D which is the correct central charge for the conformal 
sigma model associated to the contracted algebra (21 IS]- This proves that the limit is 
consistent also quantistically. 



5 Boundary states and D-brane configurations 

We can embed D-branes in a string background by determining boundary states which 
preserve conformal invariance. In the case of WZW solutions this translates into boundary 
conditions which have to be satisfied by the currents of the model. 
Following [T7] we impose the gluing conditions 

J i (z)+M J jJj(z) = (5.1) 

where M J i are determined by requiring conformal invariance and current algebra to be 
preserved. If M is defined on the generators ()2.4|) as M(tj) = TjM J i, then the previous 
conditions read 

M T LM = L (5.2) 
[M(n), M(tj)] = M([tj, tj]) , M T QM = n (5.3) 

where L is given in ()3.15|) and Q is the invariant metric of the extended algebra. The first 
condition follows from requiring conformal invariance, while the second one comes from 
imposing the invariance of the current algebra. We note that, given the particular form 
of the matrix L, the condition (|5.2j) can be substituted by 

M T hM = h (5.4) 

where h is the Killing form. 

The solutions to these equations fix the boundary states. They can be found for the cases 
of polarized algebras f)2.2l I2.10J) . trivial algebras ()2.12|) and contracted algebras 1)2.21)) . 
Details on the procedure for solving the equations in the three cases are given in the 
Appendices, while here we report only the results and discuss their physical interpretation. 
As shown in Appendix i n the case of a semisimple algebra polarized by the vector A 
the constraints have solution 

/ - aXXj \ k N\ - u\ i a\ l \ 
M T j = a\ 3 ' v -a \ (5.5) 

\ AfciV*. - fiXj 7 n J 
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where v, a, 7, p are real constants satisfying the following equations 

a(a\ 2 + ab - 2/i) = , (5.6) 
1 + vo\ 2 - aX i N i j \ i + abv + 0-7 - pv = , (5.7) 
A 2 (l + v 2 ) - 2u\ i N i j X j + bv 2 + 2 7 z/ = b . (5.8) 

The solutions to these equations will depend on a free parameter (for example v). The 
matrix N l - has to be an isometry of the Killing metric 

N\h lm N m 3 = hij (5.9) 

and can be realized as an element of the original semisimple Lie group in the adjoint 
representation 

N^ie^Y,, {a,}' ! /',, (5.10) 

Therefore the parameters 9 l , together with the free parameter v, parametrize the moduli 
space of the solutions. 

The equations (|5.6H5.8|) select two main classes of solutions: 

• The one given by a = which we will call class 0. In particular, in this class pi/ — 1. 

• The one given by a 7^ which we call class a. 

From the previous solutions it is easy to extract informations about the boundary states 
for the WZW model associated to the algebra A in the trivializing basis 1)2.11)1 . In fact, 
performing the change of basis 1)2.11)) amounts to consider the original algebra where we 
have set A = 0. Since the solutions ()5.5l I5.6H5.8)) have a smooth limit for A — > the 
boundary states for the trivial case can be easily obtained 

/ N { j \ 
M ! j = I v -a \ (5.11) 

where v, a, 7, p satisfy 

(5.12) 

1 + abv + 0-7 - pv = , (5.13) 
bv 2 + 2 1 v = b . (5.14) 














V 


—0 
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11 


-2/i) 


= , 





Finally, we consider boundary states for the model associated to the contracted algebra 
()2.21j) . In this case the solutions to the constraints ()5. 215.3)) read (see Appendix B for 
details) 













V 





uriN l j 


v r 2 
2 


V 



(5.15) 
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where iV l ■ still satisfies f!5.9|) and the choice of the constants is restricted by the following 
equations 



v 2 = \ 



(5.16) 



Here, again, fy* = X k fijk- As explained in Appendix B, the last equation requires X k 
to be an eigenvector of iV with eigenvalue v or —v. This can happen only for particular 
choices of N. 



5.1 Brane solutions 

If the previous solutions allow for a geometrical interpretation, they define D-brane con- 
figurations in the given background. In order to identify them, one has to translate the 
gluing conditions on the chiral currents into boundary conditions on the fields. As dis- 
cussed in |18 | Hil l 12*2*]. the gluing conditions (J5.1)) coincide with boundary conditions for 
the WZW model on group manifold only for configurations near the identity. Therefore, 
solving (j5.1|) amounts to determine D-brane configurations in the group manifold passing 
through the identity 3 . 

We will concentrate on finding such configurations. To this end we parametrize the group 
elements as in flU.ljl . The chiral currents evaluated near the identity are then 



which shows ^7] that Neumann boundary conditions correspond to J(z) = —J(z), i.e. 
to positive eigenvalues of M, whereas Dirichlet conditions correspond to J(z) = J(z), i.e. 
to negative eigenvalues. In particular, if (—l) D detM is positive we find odd dimensional 
D-branes, whereas D-branes are even dimensional in the opposite case. 
The problem of determining D-brane configurations near the identity is therefore trans- 
lated into the spectral problem for the matrix M 4 



From the condition (j5.4j) it follows detM = ±1 and, as a consequence, the eigenvalues 
satisfy = 1. 

We solve eq. (|5.18|) for the different cases, polarized (|2.2l I2.10J) . trivial (|2.12|) and con- 
tracted (|2~2TJl . 

3 More general solutions, determining boundary states in a neighbourhood of a generic point g would 
first require the translation of the conditions H5.1(l from conditions involving algebra-valued quantities to 
conditions for group-valued quantities (see |18p. 

4 We note that the matrix M acts on the currents as a right multiplication so that we have to consider 
the spectral equation for left eigenvectors. 



J( z ) = g - l dg = dff-Ti + duH + dvH* 
J{z) = -Bgg- 1 = -BeWi - BuH - BvH* 



(5.17) 



VjM I = LUVj . 



(5.18) 
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In the polarized case, given the particular structure (|5.5|) for M, we have 



det (M ! j - w^j) 

= det(A^. - w&j) [(w-u + a\ 2 )(w - fi) + 70- + ^ia\ 2 - a\i\ j N\] = .(5.19) 

Therefore, for both the and a classes, (D — 2) eigenvalues are determined by the eigen- 
values of the isometry matrix iV of the invariant metric hij. From the condition (|5.9|) it 
follows that detiV = ±1 so that the eigenvalues £ of iV satisfy |£| = 1. If we call 5^ the 
left eigenvector of N corresponding to the generic eigenvalue £, the eigenvector for the 
matrix M is 

v e =(E 6ii ,X j E u ,0) . (5.20) 

The remaining eigenvalues depend on the specific class. We then determine them sepa- 
rately for the two classes. 

CLASS 

The extra eigenvalues are w = v and w = \i = -. In particular they have the same sign 
so determining two extra Neumann or two extra Dirichlet conditions. The corresponding 
eigenvectors are 

«„ = (0,... ,0,1,0) , (5.21) 
«i= (Xt,¥^,-l) (5.22) 



where we have used (J5.8|) . The D-brane configurations corresponding to this class of 
solutions depend on the sign of detiV. If the matrix iV has an even number 2p of negative 
eigenvalues, the boundary conditions describe (D — 1— 2p)-brane for v > and (D— 3— 2p)- 
brane for v < 0. Similarly, if has 2p+l negative eigenvalues the boundary configurations 
are (D — 2 — 2p)-brane for v > and (D — 4 — 2p)-brane for v < 0. 

CLASS a 

In this case the equation for the extra eigenvalues is 

w 2 + w[-n - v + o\ 2 \ + fiv + 70- - aXXNij = (5.23) 

which, using ()5.6I5.7|) reduces to 

w 2 + w[-ijl -v + a\ 2 } -1 = 0. (5.24) 

This equation has two distinct real solutions of opposite signs which give a new Neumann 
and a new Dirichlet condition. 

If w , o = l,2 are the solutions, then the corresponding eigenvectors are 

K W ° + f-» ,-l) . (5.25) 
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The two sets of D-branes which are described by these solutions correspond to the cases 
of even and odd number of negative eigenvalues for N. We have (D — 2 — 2p)-brane 
and (D — 3 — 2p)-brane geometries for even and odd number of negative eigenvalues, 
respectively. 

Setting A = in the previous expressions we find the D-brane solutions for the model 
based on the trivializing basis (j2.11|) . In particular, we note that the structure of the 
eigenvectors becomes 

= (S w ,0,0) , 
v = (0,--- ,0,o,6) (5.26) 

for suitable constants a, b, and consequently, (v^,v ) = 0. 

We now consider D-brane solutions for the model associated to the contracted algebra. 
In this case the matrix of boundary conditions is given in (j5.15j) and its spectral equation 
becomes 

det (M^j - w5 T j^ = det(A^ - w5 i j )(w - vf = . (5.27) 

We remind that in this case v or —v are required to be in the spectrum of N. 
To find the eigenvectors we need discuss separately three cases: i) v in the spectrum of 
iV with A the corresponding eigenvector; ii) v in the spectrum of N but \jN 3 i = —v\\ 
iii) v not in the spectrum of N. 

i) As first case we suppose v to be eigenvalue of N with degeneracy one and XjN 3 i = v\. 
Then we have (D — 3) eigenvalues £ ^ u, |£| = 1 of the matrix iV plus the extra eigenvalue 
u — v which will appear with degeneracy three (see eq. (|5.27j) ). The first (D — 2) 
eigenvectors are easy to find 

«« = (0,... ,0,1,0) . (5.28) 

We look for the two missing eigenvectors corresponding to the eigenvalue v. They will 
have necessarily the form (Zj ,0 , c) where the unknowns and c satisfy 

ZjNh - cvr 5 Ni k = vZ k , (5.29) 
Zy - z/|r 2 = (5.30) 

as follows from the requirement to be eigenvectors of M with eigenvalue v. The first 
equation is equivalent to 

cr* = -N i j Z j + vZ i . (5.31) 

This equation does not have solutions in general, unless a further constraint is satisfied. 
Precisely, since we have supposed \N 3 i = v\, it can be solved iff r is orthogonal to A. 



14 



If this condition is satisfied, the system of equations ()5.30j) has solutions = \ k and 
c = and the corresponding eigenvector reads v v = (Aj, 0, 0). The other eigenvector is 
obtained by solving ()5.31|) on the space orthogonal to A. Here the solution exists uniquely. 
We can set for example c = 1 and Zi satisfying (j5.31|) . Note that, as a consequence, (|5.30j) 
is automatically satisfied. 

ii) When A satisfies XjN^ = —v\ but v is still in the spectrum of iV the two missing 
eigenvectors exist iff f is orthogonal to H^, where "E y N = vE> v . They are given by vi, — 
(E u>i , 0, 0) and v { u ] = (Z i} 0, 1) with Z solving (jOT| . 

iii) Finally, we suppose v not in the spectrum of N. Then v% and v„ in ()5.28|) are (D — 1) 
eigenvectors. The last one is (Zi ,0 ,1), where Z is a solution of (|5.3ip . Note that in this 
case N l - — v8 % a is invertible. 

To summarize, we have found that the extra eigenvectors determined by eqs. (j5.29[l5~30|) 
always exist as far as v is not in the spectrum of the matrix N, whereas in the opposite 
case they exist if and only if the vector r is orthogonal to the ^-eigenvector. 



5.2 D— branes in the Penrose Limit 

The eigenvectors found above can be used to embed D-branes into the spacetime under 
consideration. For simplicity we call Neumann vectors the eigenvectors corresponding to 
positive eigenvalues. Given a boundary configuration M, we suppose that Neumann 
vectors v a , a = 0, . . . ,p are present. Therefore, they select the tangent directions to a 
Dp-brane. 

We consider the algebra generators 

cr a = )Vg,iTi , a = 0,...,p. (5.32) 
i 

Therefore, local coordinates x a > a — 0, ... ,p for the brane are related to the spacetime 
coordinates X 1 = (9 l ,u,v) through the equation 

g = e ^n e uH+vH* = eX <** a ( 5 _ 33 ) 

which defines the embedding of the brane into the spacetime. 
Using the Backer-Campbell-Hausdorff formula we find 

g = e P(8 J ,u)n+uH+(v+i>(8 J ,u))H* (5.34) 

with 



2 

11 11 11 

':>((> i. «) -Off/ + -^f/'U + TK^fi ; '/,/ + • • • 



^6fu) = --6 i Vf l k f k3 + ... (5.35) 
so that the embedding ()5.33|) becomes 



12 JJ JK 12 
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X a v* a = v + i;{6 j ,u) . (5.36) 

This construction can be carried on for the models associated to the double extended 
algebra both in the original basis ()2.2)1 and in the trivializing one 1)2.11)1 . and for the 
contracted algebra (|2.21j) . In particular, it is worth noting that in the trivializing case, 
given the particular structure 1)5.26)1 for the eigenvectors, D-brane solutions fall into two 
orthogonal classes: D-branes embedded in the D dimensional spacetime associated to the 
unextended algebra and D-branes in M 1 ' 1 . 

An interesting topic we are going to investigate concerns the behavior of the brane solu- 
tions under Penrose limit. In the previous subsection we have given brane solutions both 
for the model associated to the nonsemisimple algebra and for the model associated to 
its contraction. Since we have shown that the contracted model corresponds to a Penrose 
limit of the original one, the natural question which arises is whether the brane config- 
urations corresponding to the contracted algebra can be all obtained as Penrose limit of 
the original configurations or part of them are lost in this limit. 

Before entering the details of the discussion, we make a preliminary observation. If we 
rewrite the group element g in terms of the rescaled basis (Pi, S, T) and coordinates (j4.4j) . 
then eqs. ()5.36|) become 

U) , 

a 

U , 

V + \ij(aQ j ,U) (5.37) 
a 

where the right hand side has a finite limit for a — > 0. Therefore, we can introduce new 
coordinates on the brane Y a := a^x a f° r some parameter ( such that 

is finite and gives an eigenvector for the Mm boundary matrix in the Penrose limit con- 
figuration. This result seems to indicate that boundary configurations for the contracted 
model can be found as a limit of the configurations of the original model even if a priori 
we do not expect Mm) to be in general obtained as a limit of some M of the original 
model. However, this is exactly the case as we are now going to prove in details. 
We consider the constraints ()5.3I5.4|) for the one-parameter family of algebras A a given 
in eq. (j2.17|) . We are interested in studying the solutions to the constraints for finite 
a and compare the results obtained when a — > with the solutions ()5.15Hl5~TB|) of the 
contracted case. 



-xX = 

a 
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If we still set = fi k X k the constraints from the first condition in ()5.3|) read 

= X k f k JM- 3 (5.39) 

= afkSM-j + X j f kij M\ (5.40) 

M\Mi m X k f ljk = af lm k M\ + X k f lmk M\ (5.41) 

M\M^ m X k f ijk = X k f km h M\ (5.42) 

M\M* m X k f ijk = (5.43) 

M\M{X k f ijk = (5.44) 
af l3 k M\M> m - X'fr'iM ,\l' ih - M m M\) = aM^fJ + M\X j f lmj (5.45) 

af l3 k M\M{ - X' fi/{M' ^M', - M'M\) = -M k j f hl ^X h (5.46) 

aj^M\M\ - Xif t k {M\M\ - M\M\) = (5.47) 

af l3 k M\M\ - Xf l3 k (M-M\ - M\W) = . (5.48) 

Proceeding as in Appendix A we find 

/ .V' ; aX'Xj l^N^-vX 1 ) aaX i \ 

M(aYj = aaXj ' ' v -a 2 a (5.49) 
\ ^Wj-fiXj) 7 A* / 

where the matrix N still satisfies ([A.14|[5T§]) and can be chosen as in (|5.10|) . The constants 
appearing in M are constrained by the following equations 

a(aX 2 + a 2 ab - 2/i) = , (5.50) 

- [l + wA 2 - aXiN%X j - uiA + acrbu + aery = , (5.51) 
a j j 

-1 [A 2 (l + v 2 ) - 2vX m N k m X k ] + bv 2 + 2 1 v = b (5.52) 
which come from the extra conditions in (j5.3l5.4j) . 

In general the matrix M(a) and the system of equations ()5.50Hl5~5*2"j) do not have a well- 
defined limit for a —>■ 0. However we can expand the matrix elements in a power series of 
a as follows 

a = cr (0) + aa m + a 2 a {2) + ... 
fi = /i (0) + a// (1) + a 2 /i {2) + • • • 
v = u {0) + au (1) + a\ 2) +... 

7 = 7 (0) + «7 (1) + « 2 7 (2) + • • • 

A* = A* +aX { +a 2 X l +... . (5.53) 

(0) (1) ' (2) ' V > 



For M % to have a finite limit we find 



X k N tm \ -u im X l =0 (5.54) 

(0) (0) fc (0) (0) v / 
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where i/? % = 1 as a consequence of ()5.9|) at lowest order. It follows that M\ takes the 
form 



M l =r l = N'\ k -z/ m A i + \ k -v ln X 

(1) k (0) (1) (0) (0)fc (1) (0) (1) 



Similarly, for M*- to be well-defined in the limit we have 



so that 



M* = Sj - A (0)fc - // (1) A (0)j + A (1)fc iV fc - /i (0) A (1)i 



Note that the compatibility of ()5.54|) with ()5.56|) requires 

/^(o) = ^(0) • 



(5.55) 



(5.56) 



(5.57) 



(5.5* 



Now we concentrate on equations ()5.5UfJ532j) . Inserting the expansions ()5.53|) in ()5.50|) 
and taking the limit a — > we find 



a (o)Ko) A ,o) 







„, „ (5.59) 
2 - 2fx (0) . Using (jEH l5~56l l5~58|) in flEEE)) one finds 



which implies <r (0) = or cr (0) A 
A* (0)^(0) = ^ anc ^ ^he relation 

which with (|A.14|) at first order in a can be used to show that 

h H r k . 



(0) 



AT" I \ \i 

iV (0) j a (o) A (o)i A (0 ) 



(5.60) 



(5.61) 



Finally we consider (|5.52j) . It has a finite limit if X^N 1 \i = and the nontrivial part 
of the equation becomes 



- 2 ^V fc V - 2 " w A ?o> V*V + 2 v (0) = 



From (|A.17|) to second order in a we find 

which used in r 2 := /i^rV- 7 and then inserted in ()5.62j) gives 

r 2 + 27 z/ = . 

' ~ '(0) (0) w 



A-/ 



(5.62) 



(5.63) 



(5.64) 
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Collecting all the results the final form for the matrix M in the limit a — > is 



M(a -> 0)^ = u m (5.65) 



(0) 

s j 7 { o) 




where 



N l 3 \i = v (0) X l (5.66) 

2 7(o)^ ( o,+^ = (5-67) 

" ( o> = 1 ( 5 - 68 ) 
r*(iV^ - a AfcAj) + Vi = (5.69) 

a(aA 2 -2z, {0) ) = 0. (5.70) 

We have to compare this result with the solution ()5. 15HH7TH|) for the contracted algebra. 
For a = the two solutions coincide exactly. The case a ^ is also included since 
it can be traced back to the case a = by observing that if N l j is an isometry then 

N l j — cr\ l \j is also an isometry whenever a\ 2 = 2za 0) . Note that A is eigenvector of M (0) l . 
with eigenvalue v {Q) when a = 0, whereas it corresponds to eigenvalue — 1/ (0 . when a^O. 
Given the arbitrariness of the vector r*, we can conclude that the class of solutions ob- 
tained in the Penrose limit coincides with the class of solutions for the contracted algebra. 
Therefore the Penrose limit seems to carry on all the informations and nontrivial back- 
ground configurations can be generated from the trivial ones by means of this limit. 
In order to give further support to this statement we study the behavior of the eigenvectors 
under the limit. 

We first consider the case a = 0. For a finite, the eigenvectors of the matrix M(a) in 
(I5~¥H) are 

Ve= (s^A'E^.o) , (5.71) 
v v = (0 , • • • ,0,1,0) , (5.72) 
vi = ,x (5.73) 

where are eigenvectors of N with eigenvalues £ and x satisfies 

(1 - v 2 ) (lx - + b \ = . (5.74) 

We make the assumption for one of the £ eigenvalues to have the form 

l= v + 0(a 2 ). (5.75) 
This includes both the cases v in or not in the spectrum of N. 
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We first concentrate on the eigenvectors with £ 7^ £. In order to study their behavior 
under the limit a-^Owe expand the quantities appearing in M as in ()5.53|) and similarly 

Si = E { +dE! +... , (5.76) 

« (o) (i) ' v 7 

£ = £«>) + + • • • • ( 5 - 77 ) 

Note that A^iV* = ^ (0) A (0) z/ 2 = 1. From the condition for to be an eigenvector 
of N, up to the first order in a we obtain 

^Wi^mj "(o)i^(i) 3 - ~~ ^(i)"(o)j ^w^Wj • (5.79) 
1/ 

(lo~79l and (15351) we find 



In particular, being £ (0) 7^ z/ (0) , H (0) is orthogonal to A (0) (N is a unitary matrix). Using 



(A N i \ "3 
\,, + ^H 1) = r^ +o(1) ' ^ 

Therefore, in the limit we obtain the first set of eigenvectors in ([5.28)1 . 
We then look for the remaining eigenvectors. The eigenvector (|5.72j) . being independent 
of a survives the limit and coincides with the extra eigenvector in (|5.28j) corresponding 
to eigenvalue u, 0) . 

Now the question is whether in the limit other v, 0) eigenvectors arise. In order to answer, 
we first note that when £ = £ (£ (0) = z/ (0) , = z/ (1) ) multiplying (|5.79|l by A (0) . we obtain 
the condition 

u m = . (5.81) 

Inserted in (I5.55|) it says that r l has to be orthogonal to A (0) .. This is exactly the condition 
we found in the model associated to the contracted algebra for the existence of extra u, Q . 
eigenvectors. 

To obtain these eigenvectors in the limit we start considering Since £ (0) = u. Q . we can 
take E . = A (0) .. As a consequence the eigenvector is generically divergent for a — > 0. 
However, we can obtain a finite result by acting with the limit on the linear combination 

V = V^-^v v . (5.82) 



a 



This is a v eigenvector for M(a) up to terms 0(a 2 ) and in the limit it gives rise to a 
z/ (0) eigenvector for the contracted matrix. By a further finite subtraction, the resulting 
eigenvector can be set into the form v\ = (A (0) . ,0 ,0). 

Finally we have the 1/v eigenvector ()5.73jl with x solution of (|5.74J) . From this equation 
expanded in powers of a we obtain again the condition (|5.81j) and the extra constraint 
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v = 5 . We consider the linear combination vi — -rj with r\ given in (|5.82p . This 
is eigenvector of M(a) with eigenvalue u. , up to 0(a) terms. After a suitable finite 
subtraction, in the limit it generates (A {1) . , , —1) which is the last u. 0) eigenvector of the 
contracted matrix. In this case from (|5.55jl it follows 

= - • < 5 - 83 ' 

This is exactly the condition (|5.3H1 with c = — 1 found in the previous subsection for the 
contracted case. 

From this analysis we can conclude that in the case a = we find a complete correspon- 
dence between the eigenvectors of M(a) for a — > and the eigenvectors of M, 0) . 
The case cr^O can be treated in a similar manner and there are no problems to prove that 
the limit exists in any case and gives rise to the expected eigenvectors for the contracted 
matrix. 

As remarked at the beginning of this section, the algebraic method for finding D-branes 
configurations holds only for D-branes passing through the identity of the group manifold 
G. However the generic D-brane passing through a point g G G can be obtained, as shown 
in [TH], by a suitable "pull-back" to the origin of the gluing matrix which does not affect the 
Penrose limit process. Accordingly, our result holds for a generic D-brane. Therefore, we 
have proved that all the D-brane configurations of a (D+2)-dimensional NW background 
can be obtained as Penrose limit of D-brane solutions of the background associated to 
the double extension of a semisimple D-dimensional algebra. 



6 Conclusions 

We have considered WZW models based on the double extension of a generic semisim- 
ple algebra. We have given a general proof that the corresponding background is simply 
the cartesian product between the group manifold associated to the original semisimple 
algebra and a bidimensional Minkowski spacetime. However, less trivial spacetime con- 
figurations can be obtained by taking a suitable Penrose limit. In this limit a generalized 
(D + 2)-dimensional Nappi-Witten background arises. We have shown that the Penrose 
limit corresponds at the level of the algebras to a suitable Inonii-Wigner contraction. In 
fact, the NW background can be realized as a WZW model associated to the double ex- 
tension of an abelian algebra which is obtained as a contraction of our original extended 
algebra. 

We have considered brane states which can live in these spacetime backgrounds. In par- 
ticular, we have shown that non only the brane configurations of the double extended 
model survive the Penrose limit, but all the algebraically defined brane states living in 
the generalized NW background can be obtained as such a limit. 

We have argued that the correspondence between the Penrose limit and the algebra con- 
traction is consistent also at the quantum level. In fact, using the Sugawara construction, 

5 This is not really an extra constraint but only a consequence of the choice x instead of x/a in 1)5.73(1 
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we have computed the central charge of the one-parameter family of nonlinear sigma 
models associated to the family of algebras A a and proved that in the limit a — > they 
generate the correct central charge of the NW sigma model. Our results give evidence 
that the procedures of contraction and quantization schould commute, as indicated by 
the following diagram 



Classical extended WZW 



Contraction 



Classical NWd model 



Quantization 



Quantum extended WZW 



Contraction 



Quantization 



Quantum NWd model 



We expect this correspondence to be very general. It might be useful to gain informations 
on Nappi-Witten backgrounds starting from the original double extended model. In 
particular, it could be used to construct the vertex operator algebras for the Nappi- 
Witten model via the Kac formalism ([20]) i n order to reproduce the vertex operators 
found in jn], E3 and [231- 
Possible generalizations of our results could be investigated for the cases of supersymmetric 
and/or noncommutative WZW models. 
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A Solution to the constraints in the polarized case 

We solve the constraints ()5.3J5.4|) for A semisimple, with the position Ij'i.lOj) . The first 
conditions in (jf>.3j) give rise to the following equations 

= XKfk/M^ (A.l) 

= VM • + X j f kij M-, (A.2) 

M\Mi m \ k f ljk = f lm k M\ + X k f lmk M\ (A.3) 

M\Mi m \ k f l3k = \ k f km h M\ (A.4) 

M\M j m X k f ijk = (A.5) 

M\M{X k f ijk = (A.6) 
f l3 k M\Mi m - A'/y fc (M \M\ - M' m M\) = M^fJ + M^X j f lmj (A.7) 

h k M\M\ - \tfij\M\W. - M\M\) = -M k j f hl j X h (A.8) 

f l3 k M\M\. - Wh k {M\M\ - MM',) = (A.9) 

h k M\M\ - Wh k {M-M\ - M,\V\ = . (A.10) 

Eq. (jA.l|) can be solved by setting M ' • = aXj. Inserting into eq. (jA.2j) we find M\ = —a. 
Similarly, equations (jA.5|) and (jA.6|) are satisfied by M\ = eAj and from (jA.9l lA.lOj) we 
obtain e — a. 
If we define 

N*j = M\ + aX% , M\ = v , M\ = n , M* = 7 (A. 11) 

the rest of equations ()A.3l IA.41 1 A. 71 IA.8|) can be written as 

fim{M*j + fiXj) = X k f k m N\N n m (A.12) 

X k f km ] {M* 1 + iiXj) = X k f k u N l m M\ (A.13) 

f h , r \'i-\',„ = N k J n lm (A.14) 

f k l0 N\M{ = N k J m lh X h + vX h f hm k N™ . (A.15) 

From the first equation, using eq. (jA.14|) we find M*- = X k N k - — fiXj. Inserting this result 
into the second equation we obtain M\ = X k N l k + rjX 1 and the last equation imposes 
i] = —v. Therefore the solution to (jA.lHA.10j) reads 

/ N'j - aX% X k N\ - vX i aX l \ 
M I J = aXj v -o (A. 16) 

\ X k N k j - fiXj 7 n J 

with N l j satisfying eq. (|A.14j) . On the matrix M we have still to impose the second 
constraint of (J5.3)) and (|5.4j) . From (|5.4jl . using the explicit expression (|3.17jl for the 
Killing metric we obtain as the only nontrivial condition 

N\h lm N™ = hij (A.17) 
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which implies N \ to be invertible and to define the isometry group of the Killing metric 
hij. We can realize N\ as an element of the original semisimple Lie group in the adjoint 
representation 

rf^ie^Yj, WkYj = f kj • (A.18) 

It is then easy to see that (|A.14|) is automatically satisfied. 

Finally, the remaining equations in ()5.3|) give rise to the following conditions 

a(a\ 2 + ab - 2y) = (A.19) 
1 + ua\ 2 - a\ i N i j X j + obv + cr 7 - fiu = (A.20) 
A 2 (l + v 2 ) - 2v\N l j \ j + bv 2 + 2^ = b (A.21) 

which can be solved in terms of one free parameter. 



B Solution to the constraints in the contracted case 

We now study the solutions to the constraints (|5. 315.4)1 in the case of the contracted algebra 
(j2.21j) where is still given in terms of a vector X k (see eq. (I2.10jl ). In particular, we 

have fij* = X k f ijk and = \ k f k i 3 . 

For A 7^ the corresponding equations are 

M'jfJ = (B.l 

h*M\ = (B.2 

M l t M)f lk * = f i3 *M\ (B.3 

M l M k J lk * = f./M) (B.4 

M\M k J lk * = (B.5 

M'.M '.J,/ = (B.6 

M\f, k M l 3 - M- ] f. l k M\ = f i3 *M\ (B.7 

M\M l jf4 k - M l .M-jf.t k = f./M) (B.8 

M\M\U k - M\M\f, k = (B.9 

.U'...\ /'././ - .U ..U ',././'■ = (B.10 

together with the isometry conditions 

Q i3 = M\M l fl kl + bM\M\- + M\M'. + M,M' j (B.ll 

= M h M l fi H + bM'M'j + M*M"j + M\M*j (B.l 2 

= M\M l p kl + bM^M-j + ■\r..\l i + M\M* 3 - (B.13 
b = M k M l n kl + bM\M\ +2M*M\ (B.14 

1 = M k M l Stu + bM\M\ + MM. + M M\. (B.15 
= M\M\n kl + bM\M\ + 1W.W . . (B.16 



24 



Solving these equations as before one finds for the matrix M 



1ST 1 . r % 

M (0 / = ( 1 v J (1117! 

Sj -§r 2 

where iV* ■ is still required to be an isometry of the metric and the following conditions 
must be satisfied 

v 2 = 1 , (B.18) 
vsj = -nN'j , (B.19) 
& = uN l tN)f lk * . (B.20) 

Multiplying the last equation by iV^ 1 and exploiting the explicit realization for N, eq. 

is easy to see that the last condition can be satisfied only if Aj, the vector in 
terms of which /y* is defined, is an eigenvector of iV with eigenvalue v or —v. In fact, 
the last equation can be rewritten as 

X k = vf^flNW (B.21) 

where f-j are the structure constants in the basis fj = N^Tj, being Tj the generators 
of the original semisimple algebra (see eq. (|2.1j) ). We define the matrix = fk f]i 
and consider a generic matrix R of the form ([A. 18)1 . Since the matrix R is an isometry 
which also preserves the structure constants (see (jA.14)0 it is quite easy to show that the 
following chain of identities holds 

R\C s k = R s h f s l3 f^ = fh ij R l iR m jfim = C h s R\ . (B.22) 

Therefore the matrix C commutes with all the elements of the group expressed in the 
adjoint representation. Being the group semisimple, this representation is irreducible so 
that C must be proportional to the identity 

C k l = a6 k l . (B.23) 

Using the fact that the coefficients / and / generate two different basis of a D-dimensional 
subspace of the space of D x D antisymmetric matrices with scalar product generated by 
hij, it is easy to show that 

f\ = af* jh (B.24) 
with a = ±1. Therefore eq. (jB.21j) reduces to N k i\ % = ±u\ k . 
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